For a graph G, a hypergraph H is a Berge copy of G (or a Berge-G in short), if there is a bijection f : E(G) → E(H) such that for each e ∈ E(G) we have e ⊂ f (e). We denote the family of r-uniform hypergraphs that are Berge copies of G by B r G.
Introduction
Ramsey's theorem states that for any graph G (or any r-uniform hypergraph H) and integer c, there exists N such that if we color each edge of the complete graph (or each hyperedge of the complete r-uniform hypergraph) on N vertices with one of c colors, then there is a monochromatic copy of G (resp. H). This is the starting point of a huge area of research, see [2] for a recent survey. Determining Ramsey numbers (the smallest integer N with such a property) is a major open problem in combinatorics even for small particular graphs.
Let us introduce some basic definitions and notation. For graphs we denote by K n the complete graph on n vertices, by P n the path on n vertices and by S n the star with n vertices. A double star is a tree which has exactly two non-leaf vertices.
We are going to deal with r-uniform hypergraphs, r-graphs in short. A c-coloring of a hypergraph is a coloring of its hyperedges with colors 1, 2, . . . , c. Each hyperedge gets exactly one color, but it is allowed that a color is not used at all. More precisely the coloring is a function f from the set of hyperedges to the set {1, . . . , c}. We call a hypergraph H with such a function f a c-colored H and denote it by (H, f ). In case of two colors sometimes we will call the colors blue and red to make it easier to follow the arguments. We will denote the complete r-uniform hypergraph on n vertices by K r n . For families of r-uniform hypergraphs H 1 , H 2 , . . . , H c , we denote by R(H 1 , H 2 , . . . , H c ) the smallest number n such that in any c-coloring of K r n , there is an i ≤ c such that there is a monochromatic copy of a hypergraph in H i of color i. If H 1 = H 2 = · · · = H c = H, then R(H 1 , H 2 , . . . , H c ) is denoted by R c (H). The classical definition of a hypergraph cycle is due to Berge. Extending this definition, Gerbner and Palmer [7] defined the following. For a graph G, a hypergraph H is a Berge copy of G (a Berge-G, in short), if there is a bijection g : E(G) → E(H) such that for e ∈ E(G) we have e ⊂ g(e). In other words, H is a Berge-G if we can embed a distinct graph edge into each hyperedge of H to create a copy of the graph G on the vertex set of H. We denote the family of r-uniform hypergraphs that are Berge copies of F by B r F . Extremal problems for Berge hypergraphs have attracted the attention of a lot of researchers, see e.g. [4, 5, 7, 8, 17, 18, 19, 22] .
In this paper, we initiate the general study of Ramsey problems for Berge hypergraphs. We note that similar investigations have been started very recently and independently by Axenovich and Gyárfás [1] and by Salia, Tompkins, Wang and Zamora [23] . In [1] the authors focus on small fixed graphs where the number of colors may go to infinity. They also consider the non-uniform version. In [23] the authors focus mainly on the case of two colors.
Ramsey problems for Berge cycles have already attracted a lot of attention. This line of research was initiated by Gyárfás, Lehel, Sárközy and Schelp [12] . They conjectured that R r−1 (B r C n ) = n for n large enough, and proved it for r = 3. Gyárfás and Sárközy [13] proved R 3 (B 3 C n ) = (1 + o(1))5n/4. Gyárfás, Sárközy and Szemerédi [15] proved that R 3 (B 4 C n ) ≤ n + 10 for n large enough, and they proved R r−1 (B r C n ) = (1 + o(1))n in [16] . Maherani and Omidi [20] proved R 3 (B 4 C n ) = n for n large enough, and finally Omidi [21] proved the conjecture of Gyárfás, Lehel, Sárközy and Schelp [12] by showing R r−1 (B r C n ) = n for n large enough.
A related problem is covering the vertices of a hypergraph by some monochromatic structures. This has also been considered in the Berge sense [6, 14] .
Note that R c (B r F ) is monotone decreasing in r, thus the known upper bounds for the graph case imply the same bounds for larger r. However, those bounds can be exponential in the cardinality of the vertex set of F . We believe that for r ≥ 3 the situation is completely different and the Ramsey number is always polynomial in |V (F )|.
Our results
Our results are divided into three main types: r > 2c, r = 2c and r < 2c, as stated below. Proposition 1. Suppose r > 2c, and n is large enough. Then R c (B r K n ) = n.
Theorem 2. Suppose r = 2c ≥ 4 and n is large enough. Then R c (B r K n ) = n + 1.
Theorem 3. Suppose r = 2c ≥ 4 and n is large enough, and let G be a non-complete graph on n vertices. Then R c (B r G) = n.
Very recently, the special case c = 2 of Proposition 1 and Theorem 2 was proved independently by Salia, Tompkins, Wang and Zamora [23] . 
For 3-uniform hypergraphs, we prove the following.
Let us note that we use induction to prove the upper bound. The difference of one between the lower and upper bounds comes from the fact that the induction starts at small values n and m where R(B 3 K n , B 3 K m ) = n + m − 2 holds. One could easily eliminate this gap by dealing with additional small cases, potentially using a computer program. We have recently learned that the authors in [23] 
Now we determine the exact value of the Ramsey number for every pair of Berge trees.
Theorem 6. Let T 1 and T 2 be trees with n = |V (T 1 )|≥ |V (T 2 )|.
The structure of the paper is as follows. In Section 2 we collect several lemmas that we will use later. In Section 3 we prove results about Ramsey numbers of Berge cliques (i.e., Proposition 1, Theorem 2, Theorem 4, Proposition 5) and Theorem 3. In Section 4 we focus on the case of two colors and in particular, we prove Theorem 6.
Preliminaries
The shadow graph of a hypergraph H is the graph consisting of all the 2-edges that are subedges of a hyperedge of H. Let G be the shadow graph of a Berge-F -free r-graph H. G might contain a copy of F . However, consider the auxiliary bipartite graph with part A consisting of the edges of a copy of F in G, and part B consisting of the hyperedges of H containing the edges in part A, where an element of B is connected to an element of A if the corresponding hyperedge contains the edge. Observe that a matching covering A would give a Berge copy of F in H by the definition of a Berge copy; a contradiction.
Hall Lemma 9. Let T be a tree on n vertices and v ∈ V (T ). Then there is a bijection f :
Proof. We prove it by induction on n, the base case n = 1 is trivial. We obtain a forest T ′ by deleting v from T , let T 1 , . . . , T k be its components, then each T i contains a neighbor v i of v. We apply the inductive hypothesis to each T i to find a bijection
It is easy to see that f is a bijection because each f i is a bijection which maps to edges of E(T i ), and then we assigned only edges that do not belong to any T i . (iii) T is a star or P 6 .
Proof. Let T ′ be the tree we obtain if we remove all the leaves of T , and let v be a leaf of T ′ . If T is not a star, T ′ has at least two vertices, in particular v has a neighbor u in T ′ . This shows v is adjacent to exactly one non-leaf vertex in T .
Observe that if v has less than n − 5 leaf neighbors in T , then deleting v and its leaf neighbors from T , we obtain a tree T ′′ on at least five vertices. Then T satisfies (i), unless T ′′ = S 5 , so T is a double star. It is easy to see that double stars satisfy (ii).
If u is also a leaf in T ′ , then T is a double star, so it satisfies (ii) again. Thus u has another neighbor w in
′ has less than n − 5 leaf neighbors in T , then we are done by the previous paragraph. Thus T has at least 2n − 10 leaves and three non-leaves, which implies n ≥ 2n − 7, i.e. n ≤ 7. Moreover, if n = 7, we know T ′ is a path on three vertices v, u and w, and both v and w have two leaf neighbors. It is easy to see that this tree satisfies (ii). It is also easy to see that all trees on 6 vertices but the star and P 6 satisfy (ii).
Lemma 11. For every set of positive integers
Proof. We prove the lemma by induction on c. For c = 1 the statement is trivial. Let n c be the smallest of the integers n i (1 ≤ i ≤ c). If n c = 1, then we have
Note that in the above inequalities we use that n c−1 ≥ n c , n i ≥ 2 (1 ≤ i ≤ c) and induction. . Then we color an edge uv (u, v ∈ V ) with color i if it is contained in at least
hyperedges of color i (thus an edge can get multiple colors). If there is a K n in the resulting graph G such that all its edges are of color i, then that gives us a monochromatic Berge-K n of color i by Lemma 7.
Hence we can assume that for every color i, there is an edge u i v i that is not of that color. Let us consider the set U = {u 1 , . . . , u c , v 1 , . . . , v c }. Obviously we have |U|≤ 2c < r, thus U is contained by at least n − |U|≥ n − 2c > c 
The case r = 2c. Proof of Theorem 2 and Theorem 3
First we prove a lemma that will easily imply Theorem 3. Then we prove Theorem 2 using Theorem 3. Proof. For every i ≤ c, let E i be the set of edges that do not have color i, then we have |E i |≥ 2 by our assumption. Let V i be the set of vertices incident to an edge in E i . Let us pick an edge from E i for every i ≤ c. If these c edges together cover at most 2c − 1 < r vertices, then they are contained in more than n − r > ct hyperedges. Thus more than c of them have the same color i, which leads to a contradiction. Therefore, we can assume that the V i 's are pairwise disjoint and if we pick one edge from every E i , then they span an r-set. Let H be the hypergraph consisting of all the r-sets that can be obtained this way.
Let us assume that for every i ≤ c there is an edge u i v i ∈ E i that is not contained in a hyperedge in H of color i. Then the hyperedge containing all such edges u i v i (with i ≤ c) is in H and no matter what its color is, we have a contradiction. Hence we can assume that every edge in, say, E 1 is contained in at least one hyperedge of color 1 in H. For uv ∈ E 1 let f 0 (uv) be one of those hyperedges of color 1 in H that contain u and v. Note that f 0 is an injection from E 1 to the hyperedges of color 1 (in H).
We will build an injection f from a larger set of the edges to hyperedges of color 1 (in H)
If we pick an edge from every E i with i > 1 then it is easy to see that they span a set of (r − 2) vertices. Let H ′ be the (r − 2)-uniform hypergraph consisting of all such (r − 2)-sets. Note that H ′ has at least two hyperedges since |E 2 |≥ 2. We call an edge uv with u ∈ V 1 , v ∈ V ′ or u, v ∈ V ′ nice if it is contained in at least p = n/2 hyperedges in H of color 1. We consider the following auxiliary bipartite graph G. Part A consists of E 1 and the nice edges, and part B consists of the hyperedges in H of color 1. The edges of G correspond to containment. Obviously every vertex in B has degree at most t.
Proof. Consider two sets H, H
′ from H ′ . There are 2x hyperedges of H of the form H ∪ e or H ′ ∪ e for e ∈ A ′ , but these hyperedges do not necessarily have color 1. For each i > 1, let us fix an edge of E i contained in H and similarly an edge of E i contained in H ′ . This shows that there are at most 2t hyperedges of color i (for each i > 1) containing H or H ′ altogether. Thus, out of the 2x hyperedges of H of the form H ∪ e or H ′ ∪ e for e ∈ A ′ , at least 2x − 2(c − 1)t have color 1, and these hyperedges are obviously in the neighborhood of A ′ in G.
Claim 14. There is a matching covering A in G.
Proof. Suppose indirectly that there is no such matching, then by Hall's condition there is a blocking set S ⊂ A with |N(S)|< |S|. Let S 1 = S ∩ E 1 and S 2 = S \ S 1 , x = |S 1 | and y = |S 2 |. Then the function f 0 shows |N(E 1 )|≥ |E 1 |, thus S 2 is non-empty. Let e ∈ S 2 . By the definition of nice edges e has at least p neighbors. This implies x + y = |S|> |N(S)|≥ |N(S 2 )|≥ p. By Claim 13 we have |N(S)|≥ |N(S 1 )|≥ 2x − 2t(c − 1), which implies y ≥ x − 2t(c − 1) since x + y = |S|> |N(S)|. Now the number of edges between S and N(S) is at least |S 1 |+p|S 2 |= x + py, while on the other hand it is at most t|N(S)|< t(x + y) (as every vertex in N(S) has degree at most t). Rearranging x+py < t(x+y), and using t = r 2 and p = n/2, we obtain that
if n is large enough. Thus we have
i.e. x < 4t(c−1), which also implies y < 2t(c−1). Hence we have 6t(c−1) > x+y > p = n/2, a contradiction if n is large enough.
Let e be an element of A, i.e. a nice edge or an edge in E 1 . Then we denote by f (e) the hyperedge that is matched to e in G. Let us delete the set of hyperedges {f (e) : e ∈ A} from the c-colored K r n . We claim that in the remaining (colored) hypergraph F every edge not in A is contained in at least t hyperedges of color 1. Assuming the claim is true, we can find a Berge copy of the graph consisting of all the edges not in A in color 1, applying Lemma 7. Then we represent each edge e ∈ A with f (e) to obtain a Berge-K n in color 1, finishing the proof. It remains to prove the claim.
Let us consider an edge uv ∈ E 1 . Then it is originally contained in at least t hyperedges of color 1 (in the
Otherwise we can pick an edge from every E i (i > 1) such that the set S of vertices spanned by these edges contains at least one of the vertices u, v. Then the set S ∪ {u, v} has size at most 2c−1, thus it is contained in at least n−2c+1 hyperedges. At most (c−1)(t−1) of these hyperedges have color different from 1, thus at least n − 2c + 1 − (c − 1)(t − 1) ≥ p + t of them have color 1 (note that in the inequality we used that n is large enough). As uv is not nice, less than p hyperedges containing uv appear as f (e) for some e. Thus at least t hyperedges of color 1 containing uv are in F , proving the claim and the theorem.
Using Lemma 12, now we prove Theorem 3, that we restate here for convenience.
Theorem. Let G be a non-complete graph on n vertices, where n is large enough, and
Proof. Let us consider a c-colored complete r-uniform hypergraph on a vertex set V of size n. We give color i to an edge uv with u, v ∈ V if uv is contained in at least r 2 hyperedges of color i. Note that in this way an edge can get multiple colors. If there is an i ≤ c such that at most one edge is not of color i, then the graph formed by the edges of color i contains G as a subgraph and Lemma 7 finishes the proof. If there are two edges not of color i for every i ≤ c, then we can even find a monochromatic Berge-K n by Lemma 12. Now we prove Theorem 2, which states that if r = 2c and n is large enough, then R c (B r K n ) = n + 1.
Proof of Theorem 2.
For the lower bound, let us consider the complete r-graph on n vertices and let u 1 , v 1 , . . . , u c−1 , v c−1 be 2c−2 distinct vertices. Let us color the hyperedges containing all of these vertices with color c, then there are
such hyperedges, thus there is no Berge-K n of color c. For every other hyperedge H there is an i ≤ c − 1 such that H contains at most one of the vertices u i , v i . Then let the color of H be smallest such i. This way we colored all the hyperedges of the complete r-graph on n vertices. Then for any i, the edge u i v i is not contained in any hyperedge of color i, thus there is no monochromatic Berge-K n of color i.
To prove the upper bound, we take any non-complete graph G on n + 1 vertices such that G contains K n . By Theorem 3, a c-colored K r n+1 contains a monochromatic Berge-G, thus it contains a monochromatic Berge-K n .
The case
To prove (i) we take a complete r-graph on c⌊ n−2 c−1
⌋ vertices. We partition it into c parts V 1 , . . . , V c each of size ⌊ n−2 c−1 ⌋. For every hyperedge H, there is (at least) one part V i that H intersects in at most one vertex since r < 2c. Then let the smallest such i be the color of H. A Berge-K n of color i has to contain at least two vertices u, v from V i , as the union of the other parts has size at most n − 2. But there is no hyperedge of color i containing u, v (so the pair u, v cannot be represented by a hyperedge of color i), a contradiction to our assumption that the Berge-K n of color i contains the vertices u, v. Now we prove (ii). We use induction on c i=1 n i , the cases all n i 's are at most 2 are trivial as r ≤ 2c. Let us consider a c-colored complete r-graph on c i=1 n i vertices. We set aside a vertex u, then by induction there is a B r K n i −1 of color i on a subset A i of the remaining vertices, for every i ≤ c. If we can extend the B r K n i −1 of color i, by adding the vertex u and distinct hyperedges of color i containing uv, for every v ∈ A i , then we found the desired monochromatic B r K n i of color i. So we can assume for every i ≤ c, we cannot extend the B r K n i −1 of color i by u. Then by Hall's condition, for every i ≤ c, there is a subset B i of vertices in A i , such that the number of hyperedges of color i containing u and a vertex from B i is less than |B i |.
Consider the ((r − 1)-uniform) link hypergraph L u with the inherited coloring. Let H be the subfamily of L u consisting of the hyperedges of L u that intersect every B i .
We claim that Proof. By contradiction let us suppose that we have m(v) ≥ p+2. Without loss of generality we can suppose that v ∈ ∩ p+2 i=1 V i . Then for 1 ≤ i ≤ p + 2 pick e i ∈ E i such that each edge contains v and for all p + 3 ≤ i ≤ c pick any e i ∈ E i . Then the cardinality of the vertex set of the endpoints of {e i : 1 ≤ i ≤ c} is at most 2c − p − 1 = r − 1. Let H be the set of those hyperedges that contain every e i (1 ≤ i ≤ c). On the one hand the cardinality of H is at least N − r + 1, on the other hand H contains at most This means that we have an i with 1 ≤ i ≤ c such that
Which implies |V \ V i |≥ n. All the edges inside V \ V i are contained in at least n. Using the notation of the proof of (iii) note that if two different vertex classes, say V 1 and V 2 intersect, i.e., there are edges e 1 ∈ E 1 and e 2 ∈ E 2 sharing at least one vertex, then all the other classes are pairwise disjoint and also disjoint from the set e 1 ∪ e 2 . It is easy to see that otherwise we could find edges e 3 , e 4 , ..., e c such that e i ∈ E i (1 ≤ i ≤ c) and they are incident to at most 2c − 2 = r − 1 vertices. On the one hand, we have at least N − r + 1 hyperedges that contain these edges, but on the other hand, among these hyperedges there can be at most vertices. This implies
All the edges inside V \ V i are contained in at least r 2
hyperedges of color i, thus Lemma 7 finishes the proof again.
Proof of Proposition 5
We restate Proposition 5 below for convenience.
For the upper bound in we use induction on n + m. The statement is trivial for m = 2. The other base case n = 4, m = 3 can be proved by a simple case analysis. Consider a 2-colored complete 3-graph on 2n − 3 vertices, and set aside a vertex u. By induction there are both a blue B 3 K n−1 with vertex set A and a red B 3 K m−1 with vertex set B on the remaining vertices. We will show that there is either a blue
Consider the link graph of u. This is a two-colored complete graph, thus there is a monochromatic spanning tree in it, say, a blue one. Pick a vertex v ∈ A and apply Lemma 9. Then every vertex w ∈ A can be connected to u using the blue hyperedge containing u and f (w). These hyperedges are distinct from each other as f is a bijection, and distinct from the hyperedges that form the blue Berge-K n−1 on A, as those do not contain u.
For the lower bound, we take an (m − 2)-set U and an (n − 2)-set U ′ . Every 3-edge H shares at least two vertices with either U, in which case we color H red, or with U ′ , in which case we color H blue. A blue Berge-K n contains two vertices from U, but those cannot be connected with an edge contained in a blue hyperedge, a contradiction. A red Berge-K m leads to contradiction similarly.
The case of two colors
In this section we focus on the case c = 2. Proposition 1, Theorem 2 and Theorem 3 determine R(B r G, B r G) for every graph G with a large enough vertex set in case r ≥ 4. Therefore, in this section we consider the case r = 3.
Berge trees. Proof of Theorem 6
The next lemma deals with small trees. It will serve as the base case of induction later in the proof of Theorem 17. Lemma 16 combined with Theorem 17 gives Theorem 6. 
It is obvious that if j ≤ i, then to find a monoblue T i or a monored T j we need at least i vertices and at least i + j − 3 hyperedges. These imply all the lower bounds except for R(B 3 S 5 , B 3 S 5 ) > 5. To show that, let us take five vertices v 1 , . . . , v 5 and color the hyperedges of the form v i v i+1 v i+2 (modulo 5) to blue, and the remaining hyperedges to red. Then every vertex is incident to exactly three blue and three red hyperedges, thus there is no monochromatic Berge-S 5 .
Let us prove now the upper bounds.
, observe that an arbitrary vertex v is contained in three hyperedges of the same color, say blue. It is easy to see that those three hyperedges form a Berge-S 4 and a Berge-P 4 as well.
Let us assume now T 5 is not the star and consider R(
Observe that if four hyperedges contain the same vertex, and we have five vertices altogether, they form not only S 5 but also any of the other 5-vertex trees. Thus the only remaining case is when every vertex is incident to exactly three blue and three red hyperedges. It is easy to check that we can find a blue T 5 then.
If we have six vertices, any vertex is contained in at least four hyperedges in one of the colors. It is easy to see that those four hyperedges form a Berge-
The above statements and proofs easily imply R(
Theorem 17. Let T 1 and T 2 be trees with 6 ≤ n = |V (T 1 )|≥ |V (T 2 )|. Then we have
Proof. We apply induction on n and also assume indirectly that we are given a blue-red K 3 n that does not contain a monoblue T 1 , nor a monored T 2 . We dealt with the base cases n ≤ 5 in Lemma 16. First we introduce some definitions. We call an edge uv deep red if all hyperedges containing both u and v are red, and deep blue if all hyperedges containing both u and v are blue. Note that a vertex cannot be incident to both a deep blue and a deep red edge, as there is a hyperedge containing those two edges. Case 1. There is a vertex v that is not incident to a deep blue, nor a deep red edge. If T 1 = T 2 = S 6 , then v is contained in at least five hyperedges of one of the colors, say blue. These at least five blue hyperedges together contain every other vertex, otherwise v is incident to a deep red edge. Then it is easy to see we can find a blue Berge-S 6 with center v using Hall's theorem.
Let us assume now that T 1 and T 2 are not both S 6 . Let T ′ i be a tree that is obtained from T i by deleting a leaf such that at least one of T Case 2. Every vertex is incident to a deep blue edge. Consider an arbitrary edge uv. If it is deep blue, it is contained in at least n − 2 blue hyperedges. If not, then there are u ′ , v ′ such that uu ′ and vv ′ are deep blue. If u ′ = v ′ , then uv is contained in at least two blue hyperedges: {u, u ′ v} and {u, v, v ′ }. Case 2.1. Every vertex is incident to exactly one deep blue edge. Then we take a copy of T 1 in the shadow graph. Consider an arbitrary edge uv of it. Every edge of that copy of T 1 is contained in at least two blue hyperedges, and then we can find a blue Berge-T 1 using Lemma 8 (as T 1 is triangle-free), a contradiction.
Case 2.2. There are two adjacent deep blue edges, we take a copy of T 1 in the shadow graph that contains them. As in Lemma 7 and Lemma 8, we consider the auxiliary bipartite graph G with part A consisting of the edges of that copy of T 1 , and part B consisting of the blue hyperedges containing the edges in part A, where an element of B is connected to an element of A if it contains it. A matching covering A would lead to a contradiction, thus there is a blocking set A ′ ⊂ A with |N(A ′ )|< |A| by Hall's condition. We pick a minimal A ′ with this property. Then A ′ has to contain a vertex a = uv of degree 1 in G, otherwise the number of edges in G between A ′ and N(A ′ ) is at least 2|A ′ | and at most |N(A ′ )|, a contradiction. Thus a ∈ A ′ is connected to only one vertex b = uvw ∈ B. If no other element of A ′ is connected to b, then A ′ \ {a} is a smaller blocking set, a contradiction. Thus another subedge, say uw of the hyperedge is in A ′ . Recall that if uv is contained in only one blue hyperedge uvw, then the deep blue edge incident to u is uw, and the deep blue edge incident to v is vw. Hence uw is contained in n − 2 blue hyperedges. This means |N(A ′ )|≥ n − 2, but as A corresponds to a tree, we have n−2 ≤ |N(A ′ )|< |A ′ |≤ |A|≤ n−1. This implies A ′ = A. But as the copy of T 1 we took contains two deep blue edges, we have |N(A)|≥ 2n − 5, a contradiction.
Case 3. T 1 is a star. Let uv be a deep blue edge. If there is a blue hyperedge vwz with w = u = z, then we can find a monoblue Berge-star with center v. Indeed, for an edge vy with u = y = w we use the blue hyperedge uvy, for the edge vw we use the blue hyperedge vwz, while for the edge vu we use the blue hyperedge uvw. If, on the other hand every hyperedge containing exactly one of u and v is red, then every edge other than uv is contained in at least two red hyperedges. We pick a copy of T 2 not containing the edge uv and Lemma 8 finishes the proof.
Case 4. There are deep blue and deep red edges, and T 1 and T 2 are both non-stars. Case 4.1. T 1 satisfies (ii) of Lemma 10. Note that often there are multiple ways to choose the two edges specified there. We pick them arbitrarily, except in case T 1 is a star with center v and another edge uw is attached to a leaf u, and we have to pick two adjacent edges. In that case we pick the edge uv and an edge vz for an arbitrary z.
Case 4.1.1. There is a deep blue edge e 1 = uv and another edge e 2 = wz is contained in at most one red hyperedge wzx. Note that e 1 and e 2 may share a vertex. The edges e 1 and e 2 will correspond to the two independent or adjacent edges described in (ii) of Lemma 10, depending on if e 1 and e 2 are independent. Let e ′ 1 and e ′ 2 be those two edges of T 1 . As T 1 is not a star and has at least six vertices, there is a vertex x ′ in it that is connected to an endpoint of only one of e n . This way we choose a copy of T 1 in the shadow graph. Now we are going to build a bijection g from the edges of this copy of T 1 to the blue hyperedges containing them. We know that if x exists and is different from u and v, then either xv or xu is an edge e 0 of T 1 , and we let g(e 0 ) = uvx. For another edge e in T 1 , one of its endpoints y is an e i (i ≤ 2). If the other endpoint y ′ is not in e 1 ∪ e 2 , then let g(e) := e i ∪ {y ′ }. If y is in e 1 and y ′ is in e 2 (but none of them is shared by e 1 and e 2 ), then let g(e) := e 1 ∪ {y ′ }. We still have to pick g(e 1 ) and g(e 2 ). At this point n − 3 blue hyperedges have been picked as g(e) for some e. The edge e 2 is contained in either n − 3 blue hyperedges (and in this case we have picked g(e 0 ) = uvx does not contain it) or n − 2 blue hyperedges. In both cases there is a blue hyperedge containing e 2 that is not g(e) so far, let g(e 2 ) be that hyperedge. Finally, e 1 is contained in n − 2 blue hyperedges, thus we are done unless all g(e) contains e 1 for every e. In particular e 2 shares a vertex u = w with e 1 and every other vertex in T 1 is connected to u or v. If there is a vertex y = w connected to u, then we let g(yu) = uzy instead of uvy, and let g(e 1 ) = uvy, giving us the contradiction. If there is no such vertex y, then T 1 consists of a star with center v and one additional edge uw attached to a neighbor u of v. This is the case we specified at the beginning of Case 4.1, in this case we would not pick uw as e ′ 2 , a contradiction. We found distinct blue hyperedges containing each edges of a copy of T 1 , thus a monoblue Berge-T 1 , a contradiction.
Case 4.1.2. There is a deep blue edge, and every other edge is contained in at least two red hyperedges. Then Lemma 8 applied to the hypergraph consisting of the red hyperedges finishes the proof.
Case 4.2. T 1 = T 2 = P 6 . For one of the colors, say red, there are at least three vertices x, y, z incident to deep red edges, in particular xz is a deep red edge. We follow the argument in Case 4.1. P 6 does not satisfy (ii) of Lemma 10, because although we can find two independent edges in it such that every other edge shares a vertex with one of them, we cannot find two adjacent ones. Thus the proof of Case 4.1 implies that if uv is a deep blue edge, then every edge containing neither u nor v is contained in at least two red hyperedges. Then we can embed P 6 in the order uxzwyv, where w is the sixth vertex. The edges of it are contained in at least 1, 4, 2, 2 and 1 red hyperedges in this order. Now we are going to build a bijection g from the edges of this copy of P 6 to the red hyperedges containing them. First we choose g(ux) and g(yz) arbitrarily from the red hyperedges containing them. Then we pick g(wy). It is possible that one of the red hyperedges containing wy is g(yz), but we still have another one that we can pick as g(wy). Similarly we have an unused red hyperedge to pick as g(zw) and at least two choices for g(xz).
Case 4.3. T 1 and T 2 both satisfy (i) of Lemma 10. Thus we can delete v i and the neighboring leaves from T i to obtain T ′ i , for i = 1, 2. Let n ′ be the number of vertices of the larger of the trees T ′ 1 and T ′ 2 . Then we delete n − n ′ vertices from the blue-red K 3 n such that one of them x is incident to a deep blue edge xx ′ and another one y is incident to a deep red edge yy ′ , and we do not delete x ′ and y ′ . By induction we find, say, a monoblue copy of T ′ 1 . It has a vertex z corresponding to the vertex u in Lemma (i) of 10, i.e. adding an edge zx and the edges xx 1 , xx 2 , . . . , xx k would result in a copy of T 1 , where the x i 's are all the vertices not in T ′ 1 . These edges can all be added by adding the hyperedges zxx ′ and xx ′ x i , except for one in case x ′ = z or x ′ = x i . In that case we can choose an arbitrary vertex w of T ′ 1 and for the edge xx ′ we use the hyperedge xx ′ w. These hyperedges are obviously distinct and they are distinct from the hyperedges forming the monoblue Berge-T ′ 1 , as those do not contain x. Finally, these are all blue as xx ′ is a deep blue edge.
General bounds for Berge graphs
In case of c = 2 and r = 3, we know the Berge Ramsey number is between roughly n and 2n for a graph on n vertices. Here we show that it is close to n for very small vertex cover number, but close to 2n for very large vertex cover number.
Proposition 18.
If G is a graph on n vertices and it has vertex cover k ≥ 3, then
Proof. For the upper bound, we set aside a set A of 2R(K k , K k ) − 1 vertices, let B be the set of remaining vertices. Consider all the link graphs of the vertices in A, restricted to B, with the inherited coloring. These link graphs each have a monochromatic spanning tree, thus at least R(K k , K k ) of them have, say, a blue spanning tree. Let A ′ ⊂ A be a subset of size R(K k , K k ), such that the link graph of each of its elements has a blue spanning tree. Let us pick v ∈ B and apply Lemma 9 to the blue spanning trees of these link graphs. This way for every vertex in B ′ := B \ {v} we found R(K k , K k ) blue edges containing them, such that they, extended with the corresponding vertex of A ′ give a blue Berge-K R(K k ,K k ),n−k . Let us color an edge inside A ′ blue if it is contained in at least three blue hyperedges, and red otherwise. Note that this definition is not symmetric. By the definition of the Ramsey number we can find a monochromatic clique of size k with this coloring. Assume it is blue. By Lemma 7 this gives a blue Berge-K k on those vertices. Deleting the other vertices of A ′ we obtain a blue Berge copy of a graph on n vertices with k vertices having degree n − 1. This obviously contains G. Note that the hyperedges used in the first part of the proof contained exactly one vertex from A, while the hyperedges used in the second part contain at least two, thus they are distinct.
Hence we can assume we obtain a red Berge-K k on the vertex set A ′′ = {v 1 , . . . , v k }. It means at most 2 k 2 other vertices can be contained in a red hyperedge together with any of the edges inside A ′′ . Let us delete those vertices and consider the set B of the remaining at least n − k + 1 vertices, let u be one of them. For two vertices v i , v j ∈ A ′ we take the red hyperedge {u, v i , v j }. For vertices v i ∈ A ′ , w ∈ B \ {u} we take the red hyperedge {v i , v i+1 , w}, where i+1 is taken modulo k. It is easy to see that we took distinct hyperedges, and they form a red Berge copy of a graph on n vertices with k vertices having degree n − 1.
For the lower bound, we consider a complete 3-graph on 2k − 2 vertices and partition it into two parts A and B of size k − 1. Every hyperedge intersects one of the parts in at least two vertices. We color it red if it is part A and blue otherwise. Then any red edge is incident to one of the k − 1 vertices in part A and every blue edge is incident to one of the k − 1 vertices in part B, thus any monochromatic graph has vertex cover number less than k.
Concluding remarks
Let us note that every Berge copy of a connected graph is a connected hypergraph. Therefore, an upper bound on the size of the largest monochromatic component of every c-colored K r n can give lower bounds in Berge Ramsey problems. There are some strong results for different values of c and r, see [3, 10, 11] . For example, there is a 4-colored complete 3-graph such that the largest monochromatic component has size 3n/4 + o(n) by [10] . This implies that for any connected graph G on n vertices, we have R 4 (B 3 G) ≥ 4n/3 − o(n). However, this does not help us obtain a lower bound in case c = r = 3, as in that case there is always a monochromatic spanning subhypergraph.
